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This paper considers a frictionless receding contact problem between an anisotropic elastic layer and an anisotropic
elastic half plane, when the two bodies are pressed together by means of a rigid circular stamp. The problem is reduced
to a system of singular integral equations in which the contact stresses and lengths are the unknown functions. Numerical
results for the contact stresses and the contact lengths are given by depending on various ﬁbre orientations.
 2007 Elsevier Ltd. All rights reserved.
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Problems involving the contact of two separate bodies pressed against each other have been widely studied
by several researchers due to their practical importance. Although in the majority of cases the contact area
increases after the application of the load, there are others where the ﬁnal contact area is smaller than the ori-
ginal. This kind of contact problem is called as receding. In other words, a contact is said to be receding if the
contact surface in the loaded conﬁguration is contained within the initial contact surface (Johnson, 1985).
In literature, several investigations related to receding contact problems are recorded both numerically and
analytically. The latest numerical studies on this type of contact problems were either based on the ﬁnite element
method (Chan and Tuba, 1971; Francavilla and Zienkiewicz, 1975; Jing and Liao, 1990) or on the boundary ele-
ment method (Anderson, 1982; Garrido et al., 1991; Garrido and Lorenzana, 1998; Paris et al., 1995).
Among the analytical studies on receding contact, the followings are recorded in literature. Keer et al.
(1972) investigated the smooth receding contact between an elastic layer and a half space when two bodies
are pressed together by considering both plane and axisymmetric cases. Erdogan and Ratwani (1974) solved
the frictionless contact problem for an elastic layer supported by two elastic quarter planes. Gladwell (1976)
studied plane frictionless unbonded contact problems by using an expansion in terms of Chebyshev0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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space by an elastic stamp is solved by Civelek and Erdogan (1974). Adams (1978) investigated an inﬁnite elas-
tic strip pressed against an elastic half plane of diﬀerent material by a steadily moving concentrated force.
Gecit (1986) solved the smooth receding contact problem between an elastic layer and a half space when
the layer is compressed by a frictionless semi-inﬁnite elastic cylinder. Zhang and Lin (1997) proposed a
new mechanics model and a semi-analytical method to solve the problem of a thin strip on elastic foundation
stamped by an elliptical rigid punch. The continuous and discontinuous contact problem of a layered compos-
ite made of two elastic layers loaded through a rigid rectangular stamp is studied by Birinci and Erdol (2001).
Comez et al. (2004) consider the plane double receding contact for a rigid stamp and two elastic layers having
diﬀerent elastic constants and heights. El-Borgi et al. (2006) investigated a receding contact plane problem
between a functionally graded layer and a homogeneous half space when two bodies are pressed together.
In recent years, the increasing use of ﬁbre-reinforced composites in many engineering structures has
brought up the need for more extensive analysis of anisotropic materials. What makes ﬁbre-reinforced com-
posites so important is that, during the process of manufacturing, they can be strengthened in certain direc-
tions, which improves their structural resistance. So, this has prompted the solution to many problems
involving various composite geometries (Choi and Thangjitham, 1991; Pindera and Lane, 1993).
In this paper, a receding contact problem for an anisotropic elasticmediumwhich consists of a layer and a half
plane is considered. Themedium is loaded by a concentrated forceP through a rigid circular stamp. It is assumed
that friction and gravity forces are neglected and only compressive tractions can be transmitted across the inter-
faces. By utilizing the Fourier transform technique, the general solutions to the governing equations of a given
layer and a half plane are obtained. For the sake of completeness, monoclinic, orthotropic and transversely iso-
tropicmaterial cases are considered.The problem is reduced to a systemof singular integral equations of ﬁrst kind
in which the contact stresses and lengths are the unknowns. Numerical results are given for the contact stresses
p1(x), p2(x) and the contact lengths 2a, 2b at interfaces by depending on the ﬁbre orientations h.2. General expressions
Consider an elastic layer of thickness h resting on an elastic half plane subjected to a concentrated force P
on its top surface by means of a rigid circular stamp as shown in Fig. 1. The layer and the half plane have
diﬀerent ﬁbre orientations in the xy plane. The ﬁbre angle h measured from the x-axis in the counter-clock-
wise direction about the z-axis. When the medium is subjected to arbitrary distributions of surface tractions
which do not vary along the y-axis, all ﬁeld variables are functions of x and z only. Due to presence of oﬀ-axis
ﬁbre orientations, the generalized plane strain state is assumed in distinction to the pure plane strain state as
follows (Lekhnitskii, 1963).u  uðx; zÞ; v  vðx; zÞ; w  wðx; zÞ; ð1ÞFig. 1. Settings of the receding contact problem.
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generalized plane strain and pure plane strain states are equivalent for the case of on-axis transversely isotro-
pic and orthotropic material.
2.1. Monoclinic material case
For the monoclinic material case in which the elastic symmetry plane normal to the z-axis, the stress–dis-
placement relations under the generalized plane strain condition may be written as follows (Lekhnitskii, 1963):rxx ¼ C11 ouox þ
C13
ow
oz
þ C16 ovox ; ryy ¼
C12
ou
ox
þ C23 owoz þ
C26
ov
ox
;
rzz ¼ C13 ouox þ
C33
ow
oz
þ C36 ovox ; syz ¼
C44
ov
oz
þ C45 ouoz þ
ow
ox
 
;
sxz ¼ C45 ovoz þ
C55
ou
oz
þ ow
ox
 
; sxy ¼ C16 ouox þ
C36
ow
oz
þ C66 ovox ; ð2a–fÞwhere rii(x,z) and sij(x,z), (i, j = x,y,z) are the normal stress in the i-direction and shear stress in the i–j plane,
respectively. Cij are elastic stiﬀness constants in the x–y–z coordinate system and are functions of the ﬁbre
angle, h and the stiﬀness constants, Cij of the material in the parallel and perpendicular directions to the ﬁbre
(Jones, 1975).
In the absence of body forces, governing equations can be written in terms of the displacement components
for monoclinic material as follows:C11
o2u
ox2
þ C55 o
2u
oz2
þ C16 o
2v
ox2
þ C45 o
2v
oz2
þ ðC13 þ C55Þ o
2w
oxoz
¼ 0; ð3aÞ
C16
o2u
ox2
þ C45 o
2u
oz2
þ C66 o
2v
ox2
þ C44 o
2v
oz2
þ ðC36 þ C45Þ o
2w
oxoz
¼ 0; ð3bÞ
ðC13 þ C55Þ o
2u
oxoz
þ ðC36 þ C45Þ o
2v
oxoz
þ C55 o
2w
ox2
þ C33 o
2w
oz2
¼ 0: ð3cÞIt is noted that Eqs. (3a)–(3c) constitute a system of coupled partial diﬀerential equations.
In order to solve Eqs. (3a)–(3c), the Fourier transform is applied over the variable x. The transform pairs
for the displacement components are deﬁned as (Sneddon, 1951)Uðs; zÞ; V ðs; zÞ;W ðs; zÞf g ¼
Z 1
1
uðx; zÞ; vðx; zÞ;wðx; zÞf geisx dx; ð4aÞ
uðx; zÞ; vðx; zÞ;wðx; zÞf g ¼ 1
2p
Z 1
1
Uðs; zÞ; V ðs; zÞ;W ðs; zÞf geisx ds; ð4bÞwhere U, V and W are the Fourier transforms of u, v and w, respectively. s represents the transform variable.
Applying the Fourier transform given by (4a) to Eqs. (3a)–(3c), and solving the resulting system of homoge-
neous ordinary diﬀerential equations, the following expressions may be obtained for displacements:
For the layer,Uðs; zÞ ¼
X3
j¼1
ðAjekjsz þ BjekjszÞ; V ðs; zÞ ¼
X3
j¼1
LjðAjekjsz þ BjekjszÞ;
W ðs; zÞ ¼
X3
j¼1
iRjðAjekjsz  BjekjszÞ; ð5a–cÞFor the half plane,Uðs; zÞ ¼
X3
j¼1
Cjekjjsjz; V ðs; zÞ ¼
X3
j¼1
LjCjekjjsjz; W ðs; zÞ ¼
X3
j¼1
isgnðsÞRjCjekjjsjz; ð5d–fÞ
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tions of the problem. The quadratic roots of k2j ; ðj ¼ 1; 2; 3Þ which are positive, real and distinct can be
obtained from the following characteristic equation:D11D22D33 þ 2D12D13D23  D11D223  D22D213  D33D212 ¼ 0; ð6aÞ
whereD11 ¼ C55k2j  C11; D12 ¼ C45k2j  C16; D13 ¼ iðC13 þ C55Þkj;
D22 ¼ C44k2j  C66; D23 ¼ iðC36 þ C45Þkj; D33 ¼ C33k2j  C55: ð6bÞThe constants Lj and Rj, (j = 1,2,3) are deﬁned asLj ¼ D12D13  D11D23D12D23  D22D13 ; Rj ¼
iðD212  D11D22Þ
D12D23  D22D13 : ð7ÞApplying the Fourier transform to Eqs. (2a)–(2f), and substituting Eqs. (5a)–(5f) into the resulting expres-
sions, one may obtain the stress components in the transformed domain as follows:
For the layer,Smðs; zÞ ¼
X3
j¼1
isðCm3kjRj  C1m  Cm6LjÞðAjekjsz þ BjekjszÞ; ðm ¼ 1; 2; 3; 6Þ; ð8aÞ
Smðs; zÞ ¼
X3
j¼1
s C4m½ kjLj þ Cm5ðRj þ kjÞ
ðAjekjsz  BjekjszÞ; ðm ¼ 4; 5Þ: ð8bÞFor the half plane,Smðs; zÞ ¼
X3
j¼1
isðCm3kjRj  C1m  Cm6LjÞCjekjjsjz; ðm ¼ 1; 2; 3; 6Þ; ð8cÞ
Smðs; zÞ ¼
X3
j¼1
jsj½C4mkjLj þ Cm5ðRj þ kjÞ

Cjekjjsjz; ðm ¼ 4; 5Þ; ð8dÞwhere Sm(s,z), (m = 1,2,3, . . . , 6) denotes Sxx, Syy, Szz, Syz, Sxz and Sxy, respectively.
2.2. Orthotropic material case
In this case, three mutually orthogonal planes of material symmetry exist and so the elastic stiﬀness con-
stants are simpliﬁed such as Cij ¼ Cij with Cm6 ¼ 0; ðm ¼ 1; 2; 3Þ and C45 ¼ 0. As a result, the displacement
v in the governing equations (3a)–(3c) is decoupled from the remaining components u and w. Consequently,
Eqs. (5a)–(5f) and (8a)–(8d) are no longer valid. Solution of Eqs. (3a)–(3c) may be obtained for transformed
displacements by following similar way in the previous section as follows:
For the layer,Uðs; zÞ ¼
X2
j¼1
ðAjekjsz þ BjekjszÞ; V ðs; zÞ ¼ A3ek3sz þ B3ek3sz;
W ðs; zÞ ¼
X2
j¼1
iRjðAjekjsz  BjekjszÞ: ð9a–cÞFor the half plane,Uðs; zÞ ¼
X2
j¼1
Cjekjjsjz; V ðs; zÞ ¼ C3ek3jsjz; W ðs; zÞ ¼
X2
j¼1
isgnðsÞRjCjekjjsjz; ð9d–fÞwhere k3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C66=C44
p
and k2j ; ðj ¼ 1; 2Þ are the roots of the following characteristic equation:
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4
j þ ðC13 þ C55Þ2  C11 C33  C255
h i
k2j þ C11 C55 ¼ 0: ð10ÞThe constants Rj, (j = 1,2) are deﬁned asRj ¼
C11  C55k2j
ðC13 þ C55Þkj
: ð11ÞAs mentioned before, the quadratic roots k2j ; ðj ¼ 1; 2Þ are real, positive and distinct.
By making use of Eqs. (2a)–(2f) with Eq. (4a), the transformed stress expressions may be obtained in the
following:
For the layer,Smðs; zÞ ¼
X2
j¼1
isðCm3kjRj  C1mÞðAjekjsz þ BjekjszÞ; ðm ¼ 1; 2; 3Þ; ð12aÞ
Sxzðs; zÞ ¼
X2
j¼1
sC55ðRj þ kjÞðAjekjsz  BjekjszÞ; ð12bÞ
Syzðs; zÞ ¼ sC44k3ðA3ek3sz  B3ek3szÞ; ð12cÞ
Sxyðs; zÞ ¼ isC66ðA3ek3sz þ B3ek3szÞ: ð12dÞFor the half plane,Smðs; zÞ ¼
X2
j¼1
isðCm3kjRj  C1mÞCjekjjsjz; ðm ¼ 1; 2; 3Þ; ð12eÞ
Sxzðs; zÞ ¼
X2
j¼1
jsjC55ðRj þ kjÞCjekjjsjz; ð12fÞ
Syzðs; zÞ ¼ jsjC44k3C3ek3jsjz; ð12gÞ
Sxyðs; zÞ ¼ isC66C3ek3jsjz; ð12hÞwhere Sm(s,z), (m = 1,2,3) denotes Sxx, Syy and Szz, respectively.
2.3. Transversely isotropic material case
For the transversely isotropic material in the x-z plane, the material properties in all directions perpendic-
ular to the ﬁbres are the same and the ﬁbres are aligned in the y-direction. In addition to simpliﬁcations for the
case of orthotropic material, the elastic stiﬀness constants for this case are further simpliﬁed such that
C11 ¼ C33, C12 ¼ C23, C44 ¼ C66 and C55 ¼ ðC11  C13Þ=2. Additionally, the quadratic roots of Eq. (10) are
repeated and equal to unity. Thus, the solutions of Eqs. (3a)–(3c) for transformed displacements may be
obtained as follows:
For the layer,Uðs; zÞ ¼ ðA1 þ A2zÞesz þ ðB1 þ B2zÞesz; V ðs; zÞ ¼ A3esz þ B3esz;
W ðs; zÞ ¼ i A1 þ zþ Rs
 
A2
 
esz þ B1 þ zþ Rs
 
B2
 
esz
 	
: ð13a–cÞFor the half plane,Uðs; zÞ ¼ ðC1 þ C2zÞejsjz; V ðs; zÞ ¼ C3ejsjz; W ðs; zÞ ¼ isgnðsÞ C1 þ zþ Rjsj
 
C2
 
ejsjz; ð13d–fÞwhere the constant R is deﬁned asR ¼ 
C13 þ 3C55
C13 þ C55
: ð14Þ
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For the layer,Sxxðs; zÞ ¼ if½2C55sA1 þ ½C13ð1þ RÞ  2C55szA2esz  ½2C55sB1 þ ½C13ð1þ RÞ þ 2C55szB2eszg; ð15aÞ
Syyðs; zÞ ¼ iC12ð1þ RÞðA2esz  B2eszÞ; ð15bÞ
Szzðs; zÞ ¼ if½2C55sA1 þ ½C11ð1þ RÞ þ 2C55szA2esz þ ½2C55sB1 þ ½C11ð1þ RÞ þ 2C55szB2eszg; ð15cÞ
Sxzðs; zÞ ¼ C55f½2sA1 þ ð1þ Rþ 2szÞA2esz þ ½2sB1 þ ð1þ R 2szÞB2eszg; ð15dÞ
Syzðs; zÞ ¼ sC44ðA3esz  B3eszÞ; ð15eÞ
Sxyðs; zÞ ¼ isC44ðA3esz þ B3eszÞ: ð15fÞFor the half plane,Sxxðs; zÞ ¼ if2C55sC1 þ ½C13sgnðsÞð1þ RÞ  2C55szC2gejsjz; ð15gÞ
Syyðs; zÞ ¼ isgnðsÞC12ð1þ RÞC2ejsjz; ð15hÞ
Szzðs; zÞ ¼ if2C55sC1 þ ½C11sgnðsÞð1þ RÞ þ 2C55szC2gejsjz; ð15iÞ
Sxzðs; zÞ ¼ C55f2jsjC1 þ ½1þ Rþ 2jsjzC2gejsjz; ð15jÞ
Syzðs; zÞ ¼ jsjC44C3ejsjz; ð15kÞ
Sxyðs; zÞ ¼ isC44C3ejsjz: ð15lÞ3. The boundary conditions and the system of singular integral equations
To determine the unknown constants, Aj,Bj and Cj, (j = 1,2,3) appearing in the displacement and the stress
expressions for the layer and the half plane, the problemmust be solved under the following boundary conditions:r1zzðx; hÞ ¼ p1ðxÞ; a < x < a; r1zzðx; hÞ ¼ 0; jxj > a; ð16aÞ
s1yzðx; hÞ ¼ 0; s1xzðx; hÞ ¼ 0; 1 < x < 1; ð16b; cÞ
s1yzðx; 0Þ ¼ s2yzðx; 0Þ ¼ 0; 1 < x < 1; ð16d; eÞ
s1xzðx; 0Þ ¼ s2xzðx; 0Þ ¼ 0; 1 < x < 1; ð16f ; gÞ
r1zzðx; 0Þ ¼ r2zzðx; 0Þ ¼ p2ðxÞ; b < x < b; r1zzðx; 0Þ ¼ r2zzðx; 0Þ ¼ 0; jxj > b; ð16h; iÞ
w1ðx; hÞ ¼ F ðxÞ; a < x < a; ð16jÞ
w1ðx; 0Þ  w2ðx; 0Þ ¼ 0; b < x < b; ð16kÞwhere p1(x), p2(x), a, b and F(x) represent the unknown contact stresses, the contact lengths and a function
deﬁning proﬁle of the stamp, respectively. Superscripts 1 and 2 indicate the layer and the half plane,
respectively.
It is consistent to replace Eqs. (16j) and (16k) with the followings written in the form of a derivative in order
to insure continuity of normal displacements in the contact region but avoid involvement in rigid-body
displacements.ow1ðx; hÞ
ox
¼ dF ðxÞ
dx
¼ f ðxÞ; a < x < a; ð17aÞ
o
ox
½w1ðx; 0Þ  w2ðx; 0Þ ¼ 0; b < x < b: ð17bÞBy making use of the boundary conditions given by (16), nine of the unknown constants appearing in the
stress and the displacement expressions may readily be obtained in terms of the unknown functions p1(x)
and p2(x) for each of monoclinic, orthotropic and transversely isotropic material cases, separately. The result-
ing system of simultaneous equations obtained for each of material cases yields solutions of the unknown con-
stant coeﬃcients which are given in Appendix A.
V. Kahya et al. / International Journal of Solids and Structures 44 (2007) 5695–5710 5701Substitution of the constant coeﬃcients for each of the material cases into Eqs. (17a) and (17b) yields the
system of singular integral equations for the unknown contact stresses p1(x) and p2(x). The resulting integrals
possess divergent kernels which are decomposed into Cauchy-type singular and regular parts using asymptotic
behaviour of their kernel. Evaluating Cauchy-type singular parts in closed form and after some manipulations,
the following singular integral equation system for the unknown functions p1(t) and p2(t) may be written in a
general form:1
p
Z a
a
p1ðtÞ
1
t xþ K11ðx; tÞ
 
dtþ 1
p
Z b
b
p2ðtÞK12ðx; tÞdt ¼ 
D1
D2
f ðxÞ; a < x < a; ð18aÞ
1
p
Z a
a
p1ðtÞ
1
D3
K21ðx; tÞdtþ 1p
Z b
b
p2ðtÞ
1
t xþ
1
D3
K22ðx; tÞ
 
dt ¼ 0; b < x < b; ð18bÞwhereK11ðx; tÞ ¼
Z 1
0
k11ðx; tÞ sin sðt xÞds; K12ðx; tÞ ¼
Z 1
0
k12ðx; tÞ sin sðt xÞds;
K21ðx; tÞ ¼
Z 1
0
k21ðx; tÞ sin sðt xÞds; K22ðx; tÞ ¼
Z 1
0
k22ðx; tÞ sin sðt xÞds;
D3 ¼ 1þ C66C66
D1D

2
D2D

1
: ð19ÞIn (19), expressions of k11(x,t), k12(x,t), k21 (x,t), k22(x,t), D1, D2, D

1 and D

2 for each of monoclinic, orthotropic
and transversely isotropic material cases are given in Appendix B, separately. Integrands of the kernels
Kij(i, j = 1,2) are regular and convergent functions as s!1 and thus, the integrals given by (19) can readily
be evaluated numerically. In the system of singular integral equations given by (18a) and (18b) in addition to
the contact stresses p1(t) and p2(t), the contact half-widths a and b are also unknown.
From equilibrium of the rigid stamp and the layer, separately, one may write the following expressions
which will be used in numerical solution of the system of singular integral equations given by (18):Z a
a
p1ðtÞdt ¼ P ;
Z b
b
p2ðtÞdt ¼ P ; ð20a; bÞwhere P is the known (compressive) resultant load applied to the rigid stamp away from the contact region
(z = h,a < x < a).4. Solution of the system of singular integral equations
Due to the smooth contact at the end points a and b, the unknown functions p1(t) and p2(t) are zero. There-
fore, the index of both integral equations in (18) is 1 (Erdogan and Gupta, 1972). In order to simplify the
numerical solution, the following dimensionless quantities can be deﬁned for normalising the intervals (a,a)
and (b,b) to be (1,1).x ¼ an; t ¼ ag; a < x; t < a; x ¼ bn; t ¼ bg; b < x; t < b;
g1ðgÞ ¼ p1ðtÞh=P ; g2ðgÞ ¼ p2ðtÞh=P ; Q ¼ C66h=P ; a ¼ sh; ð21Þwhere n and g vary between 1 and 1. By making use of these non-dimensional quantities, the integral Eqs.
(18a) and (18b) become1
p
Z 1
1
g1ðgÞ
1
g nþ
a
h
M11ðn; gÞ
 
dgþ 1
p
Z 1
1
g2ðgÞ
b
h
M12ðn; gÞdg ¼ QD1D2 mðnÞ; 1 < n < 1; ð22aÞ
1
p
Z 1
1
g1ðgÞ
a
h
1
D3
M21ðn; gÞdgþ 1p
Z 1
1
g2ðgÞ
1
g nþ
b
h
M22ðn; gÞ
 
dg ¼ 0; 1 < n < 1; ð22bÞ
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M21ðn; gÞ ¼ K21ðbn; agÞ; M22ðn; gÞ ¼ K22ðbn; bgÞ; mðnÞ ¼ f ðanÞ: ð23ÞSimilarly, the equilibrium conditions given by (20a) and (20b) may be expressed asa
h
Z 1
1
g1ðgÞdg ¼ 1;
b
h
Z 1
1
g2ðgÞdg ¼ 1: ð24a; bÞTo insure smooth contact at the end points a and b, let the solutions as follows:g1ðgÞ ¼ G1ðgÞð1 g2Þ1=2; 1 < g < 1; ð25aÞ
g2ðgÞ ¼ G2ðgÞð1 g2Þ1=2; 1 < g < 1; ð25bÞwhere G1(g) and G2(g) are bounded functions in the interval (1 6 g 6 1). Using the appropriate Gauss–
Chebyshev integration formula (Erdogan and Gupta, 1972), Eqs. (22) and (24) are replaced byXn
i¼1
1 g2i
1þ n
1
gi  nj
þ a
h
M11ðnj; giÞ
 
G1ðgiÞ þ
Xn
i¼1
1 g2i
1þ n
b
h
M12ðnj; giÞG2ðgiÞ ¼ Q
D1
D2
mðnjÞ;
j ¼ 1; . . . ; nþ 1; ð26aÞXn
i¼1
1 g2i
1þ n
a
h
1
D3
M21ðnj; giÞG1ðgiÞ þ
Xn
i¼1
1 g2i
1þ n
1
gi  nj
þ b
h
1
D3
M22ðnj; giÞ
 
G2ðgiÞ ¼ 0;
j ¼ 1; . . . ; nþ 1; ð26bÞ
a
h
Xn
i¼1
1 g2i
1þ n G1ðgiÞ ¼
1
p
; ð27aÞ
b
h
Xn
i¼1
1 g2i
1þ n G2ðgiÞ ¼
1
p
; ð27bÞwherenj ¼ cos
p
2
2j 1
nþ 1
 
; j ¼ 1; . . . ; nþ 1; gi ¼ cos
ip
nþ 1
 
; i ¼ 1; . . . ; n: ð28ÞThe system of algebraic equations in (26) and (27) contain 2n + 4 equation for 2n + 2 unknowns. It has been
shown that the extra equations in (26a) and (26b) correspond to the consistency conditions of the original inte-
gral Eqs. (22a) and (22b) (Erdogan and Gupta, 1972). It may also be shown that the (n/2 + 1)th equations in
(26a) and (26b) are automatically satisﬁed. Thus, the equations given by (26) and (27) constitute a system of
2n + 2 equations for 2n + 2 unknowns which are G1(gi), G2(gi), (i = 1, . . . ,n) and contact half-widths a and b.
Note that the system is linear in G1 (gi) and G2(gi) but highly nonlinear in a and b. Therefore, an iterative pro-
cedure had to be used to determine these two unknowns. Making an initial estimate of the variables a and b,
the system of equations given by (26) is, ﬁrst, solved for the 2n unknowns G1(gi), G2(gi), (i = 1, . . . ,n). Then,
Eqs. (27) are used to verify if the equilibrium conditions are satisﬁed. Since the applied load is known, right-
hand terms of Eqs. (27) are always constant and left-hand terms of these equations vary from one iteration to
another. Based on the physics of the problem, if the right-hand terms of (27) is larger in absolute value than
left-hand terms, the values of a and b are increased or vice versa (El-Borgi et al., 2006).
5. Results and discussion
The formulation of the problem is rather general and any curved stamp proﬁle can be treated. For a
circular stamp with radius r, one may writef ðxÞ ¼ xðr2  x2Þ1=2: ð29Þ
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This composite is transversely isotropic when referred to its material principal coordinate system 1–2–3, with the
1-axis oriented along the ﬁbres and coincident with the x-axis, the 2-axis coincident with the y-axis and the 3-axis
coincident with the z-axis. The properties of considered composite (Pindera and Lane, 1993) are as follows:E11 ¼42:74 GPa; E22 ¼ E33 ¼ 11:72 GPa; G12 ¼ G13 ¼ 8:238 GPa; G23 ¼ 3:778 GPa;
m12 ¼m13 ¼ 0:27; m23 ¼ 0:55:Numerical results for the normalised contact stress distributions, p1(x)h/P and p2(x)h/P and the normalised
contact half-widths, a/h and b/h are presented by depending on various ﬁbre angles, h.
Using isotropic material constants which depend on E and m into the expressions given in Section 2.3,
one may readily express the present problem in the case of isotropic material. Assuming a large value of
h1 in the previous work by Comez et al. (2004), a comparison is made and the results are given in Table
1. Note that, exactly same values for a/h and b/h as Comez et al. (2004) are obtained since the same search-
ing technique as mid-section method for a/h and b/h is used in both study. The values of the integrals
ða=hÞ R 11 g1ðgÞdg and ðb=hÞ R 11 g2ðgÞdg are also given in Table 1. The values of these integrals are diﬀerent
because Comez et al. (2004) considered the lower medium as a layer with a ﬁnite thickness of h1 while this
study treats it as a semi-inﬁnite medium. Taking a large value of h1 gives close values of these integrals but
not the same.
In Table 2, the number of iterations performed to reach the solution of the receding contact problem for
h = 45, r/h = 10, Q = 1000 is given. The iterative solution is performed until the relative error between the
resultant contact stresses
R a
a p1ðtÞdt and
R b
b p2ðtÞdt and the resultant applied load P becomes less than a tol-
erance of 106 which means veriﬁcation of the equilibrium conditions given by (20a,b). As shown in the table,
a few iterations were required to obtain the normalised contact half-lengths a/h and b/h.
Fig. 2 shows variation of the normalised contact half-widths a/h and b/h with the ﬁbre angle, h for r/h = 500
and Q = C66 h/P = 1000. As seen in the ﬁgure, the contact length b/h at the interface between the layer and the
half plane is always greater than the contact length a/h under the stamp. As the ﬁbre angle increases, the nor-
malised contact half-width a/h also increases. On the other hand, the normalised contact half-width b/h
decreases with increasing of the ﬁbre angle. It is obvious that a unidirectional ﬁbre reinforced material much
resists to bending in direction to the ﬁbres. For this reason, as the ﬁbre angle increases, elastic stiﬀness C11,
therefore, bending resistance of the layer in direction to x-axis will decrease. As a result, the layer will more
bend about y-axis with increasing of the ﬁbre angle. Thus, the contact length at the interface between the layer
and the half plane decreases, whereas the contact length under the stamp increases with increasing of the ﬁbre
angle. Calculated values of the normalised contact half-widths a/h and b/h depending on the ﬁbre angle, h for
various r/h values are also given in Table 3. It is obvious that both of the contact lengths a/h and b/h increase
with increasing of radius of the stamp, r/h.
In Figs. 3 and 4, variation of the normalised contact half-widths a/h and b/h with radius of the rigid stamp
r/h is given for orthotropic, monoclinic and transversely isotropic material cases. For all of the three material
cases, both a/h and b/h increases with increasing of r/h. As seen in the ﬁgures, the curves for orthotropic and
transversely isotropic material cases become upper and lower bounds of those for monoclinic material case.
For instance, the curve for orthotropic material is lower bound in Fig. 3 for a/h and is upper bound in
Fig. 4 for b/h of monoclinic material solution.
The normalised contact stress distributions under the rigid stamp p1(x)h/P are shown in Fig. 5 for various
ﬁbre angles. It observed that the normalised contact length increases with increasing of the ﬁbre angle. As seen
in the ﬁgure, the normalised contact stress has the same maximum value for all the ﬁbre angles, but distributes
a greater contact area with increasing of the ﬁbre angle.
The normalised contact stress distributions at the interface between the layer and the half plane p2(x)h/P
are shown in Fig. 6 for various ﬁbre angles. As the ﬁbre angle increases both the normalised contact length
and the normalised contact stress decrease.
If a comparison is made between the normalised contact stresses p1(x)h/P and p2(x)h/P, it is observed from
the Figs. 5 and 6 that the normalised contact stresses at the layer-half plane interface have greater values than
those under the rigid stamp.
Table 1
Comparison of the normalised contact half-widths with those from Comez et al. (2004)
r/h Q a/h ða=hÞ R 11 g1ðgÞdg b/h ðb=hÞ R 11 g2ðgÞdg
Present study Comez et al. (2004) Present study Comez et al. (2004) Present study Comez et al. (2004) Present study Comez et al. (2004)
10 500 0.09793 0.09793 0.999941478558964 0.999941478912225 1.33000 1.33000 0.999904047423097 0.999904048031528
1000 0.06918 0.06918 1.000018718243040 1.000018718420510 1.32500 1.32500 0.999945629965501 0.999945630401983
2000 0.04889 0.04889 0.999921903795083 0.999921903883595 1.33000 1.33000 0.999908769076972 0.999908769419588
100 500 0.31535 0.31535 0.999969548262041 0.999969551617851 1.35650 1.35650 0.999904132882123 0.999904136482672
1000 0.22080 0.22080 0.999933219301245 0.999933221007707 1.36200 1.36200 1.000086365341720 1.000086367281300
2000 0.15533 0.15533 0.999907684986719 0.999907685852216 1.35500 1.35500 1.000072201291610 1.000072202392530
500 500 0.74260 0.74260 1.000057475322500 1.000057488585230 1.50260 1.50260 1.000010780593480 1.000010794047820
1000 0.51105 0.51105 1.000090589130600 1.000090596850600 1.39800 1.39800 0.999921076712750 0.999921084664486
2000 0.35425 0.35425 1.000094241665680 1.000094245822570 1.35570 1.35570 0.999934602817188 0.999934607222895
1000 500 1.06935 1.06935 0.999948756485115 0.999948775800348 1.86250 1.86250 1.000998081412170 1.000998100805380
1000 0.73858 0.73858 0.999939954354526 0.999939966808276 1.64580 1.64580 1.000950471814740 1.000950484382420
2000 0.51082 0.51082 1.000011444626090 1.000011444833300 1.41082 1.41082 0.999968502064122 0.999968502471312
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Table 2
Solution iteration of the receding contact problem, (h = 45, r/h = 10, Q = C66h/P = 1000)
Iteration no. ða=hÞ R 11 g1ðgÞdg a/h E (%)a ðb=hÞ R 11 g2ðgÞdg b/h E (%)
1 1.4631086 0.1000000 – 1.4638565 1.6000000 –
2 0.9374481 0.0800000 25.00 0.9375138 1.5500000 3.226
3 0.9848001 0.0820000 2.439 0.9848683 1.5500000 0
4 0.9992317 0.0826000 0.726 0.9993006 1.5500000 0
5 0.9999560 0.0826300 0.036 1.0000249 1.5500000 0
6 1.0000043 0.0826320 0.002 1.0000732 1.5500000 0
7 0.9999992 0.0826320 0 1.0000197 1.5450000 0.324
8 0.9999981 0.0826320 0 1.0000089 1.5440000 0.065
9 0.9999973 0.0826320 0 1.0000002 1.5432000 0.052
10 0.9999997 0.0826321 0 1.0000026 1.5432000 0
11 0.9999996 0.0826321 0 1.0000015 1.5431000 0.006
12 0.9999996 0.0826321 0 1.0000010 1.5430500 0.003
13 0.9999995 0.0826321 0 1.0000007 1.5430300 0.001
a E is the relative error of the contact lengths between two successive iterations.
0 15 30 45 60 75 90
0.00
0.50
1.00
1.50
2.00
a/h, b/h
b/h
a/h
θ
Fig. 2. Variation of the normalised contact half-widths a/h and b/h with the ﬁbre angle, h, (r/h = 500, Q = C66h/P = 1000).
Table 3
Variation of the normalised contact half-widths a/h and b/h with the ﬁbre angle, h for various r/h values, (Q = C66h/P = 1000)
h r/h = 10 r/h = 100 r/h = 500
a/h b/h a/h b/h a/h b/h
0 0.07328 1.76100 0.23315 1.76050 0.53320 1.81500
15 0.07444 1.74250 0.23691 1.75000 0.54250 1.80250
30 0.07774 1.66500 0.24773 1.68000 0.56935 1.75850
45 0.08263 1.55000 0.26390 1.57000 0.61100 1.63210
60 0.08805 1.45000 0.28212 1.43900 0.65790 1.55790
75 0.09230 1.37000 0.29656 1.36750 0.69457 1.53130
90 0.09385 1.35000 0.30183 1.35000 0.70845 1.50790
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Plane receding contact problem for an elastic layer on an elastic half plane is considered. Both the layer and
the half plane have anisotropic material properties. The results presented in this paper show that, in general,
both the contact stresses and the contact lengths are considerably inﬂuenced by changing in the ﬁbre angle of
the material as much for the considered unidirectional composite.
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Fig. 3. Variation of a/h with r/h for orthotropic, monoclinic and transversely isotropic material cases, (Q = C66h/P = 1000).
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Fig. 4. Variation of b/h with r/h for orthotropic, monoclinic and transversely isotropic material cases, (Q = C66h/P = 1000).
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Fig. 5. Normalised contact stress distributions under the rigid stamp for various ﬁbre angles, (r/h = 100, Q = C66h/P = 1000).
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Fig. 6. Normalised contact stress distributions at the interface between the layer and the half plane for various ﬁbre angles, (r/h = 100,
Q = C66h/P = 1000).
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In this section, expressions of unknown constant coeﬃcients for the layer appearing in the stress and the
displacement relationships are given. One may write Aj and Bj as follows:Aj ¼ Ap1j þ Ap2j ; Bj ¼ Bp1j þ Bp2j ; ðj ¼ 1; 2; 3Þ; ðA:1Þ
where Ap1j , A
p2
j , B
p1
j and B
p2
j are obtained from the following matrix equations.Ap11 A
p1
2 A
p1
3 B
p1
1 B
p1
2 B
p1
3

  ¼ ½M 1 P 1ðsÞ 0 0 0 0 0f g;
Ap21 A
p2
2 A
p2
3 B
p2
1 B
p2
2 B
p2
3

  ¼ ½M 1 0 0 0 P 2ðsÞ 0 0f g; ðA:2Þ
whereP 1ðsÞ ¼ 
Z a
a
p1ðtÞ
is
eist dt; P 2ðsÞ ¼ 
Z b
b
p2ðtÞ
is
eist dt; ðA:3ÞThe matrix M is deﬁned as follows for each case of material property.
For monoclinic material case:½M  ¼
j1ek1sh j2ek2sh j3ek3sh j1ek1sh j2ek2sh j3ek3sh
c1e
k1sh c2e
k2sh c3e
k3sh c1ek1sh c2ek2sh c3ek3sh
b1e
k1sh b2e
k2sh b3e
k3sh b1ek1sh b2ek2sh b3ek3sh
j1 j2 j3 j1 j2 j3
c1 c2 c3 c1 c2 c3
b1 b2 b3 b1 b2 b3
2
6666666666664
3
7777777777775
; ðA:4Þwherejj ¼ C33kjRj  C13  C36Lj; cj ¼ C44kjLj þ C45ðRj þ kjÞ;
b ¼ C45kjLj þ C55ðRj þ kjÞ; j ¼ 1; 2; 3: ðA:5Þj
5708 V. Kahya et al. / International Journal of Solids and Structures 44 (2007) 5695–5710For orthotropic material case:½M  ¼
j1ek1sh j2ek2sh 0 j1ek1sh j2ek2sh 0
0 0 ek3sh 0 0 ek3sh
b1e
k1sh b2e
k2sh 0 b1ek1sh b2ek2sh 0
j1 j2 0 j1 j2 0
0 0 1 0 0 1
b1 b2 0 b1 b2 0
2
666666664
3
777777775
; ðA:6Þwherejj ¼ C33kjRj  C13; bj ¼ C55ðRj þ kjÞ; j ¼ 1; 2: ðA:7ÞFor transversely isotropic material case:½M  ¼
2C55esh j1esh 0 2C55esh j2esh 0
0 0 esh 0 0 esh
2esh b1e
sh 0 2esh b2esh 0
2C55 j3 0 2C55 j3 0
0 0 1 0 0 1
2 b3 0 2 b3 0
2
666666664
3
777777775
; ðA:8Þwherej1 ¼ 2C55hþ C11ð1þ RÞs ; j2 ¼ 2C55h
C11ð1þ RÞ
s
; j3 ¼ C11ð1þ RÞs ;
b1 ¼ 2hþ
ð1þ RÞ
s
; b2 ¼ 2hþ
ð1þ RÞ
s
; b3 ¼
1þ R
s
: ðA:9ÞAppendix B
Expressions of the kernels k11(x,t), k12(x,t), k21 (x,t), k22(x,t), D1, D2, D

1 and D

2 appearing in (19) are given
below for each case of material property.
For monoclinic material case:k11ðx; tÞ ¼ D1D2
X3
j¼1
RjðAp1j =ekjsh  Bp1j ekjshÞ
( )
 1;
k12ðx; tÞ ¼ D1D2
X3
j¼1
RjðAp2j =ekjsh  Bp2j ekjshÞ; k21ðx; tÞ ¼ 
D1
D2
X3
j¼1
RjðAp1j  Bp1j Þ;
k22ðx; tÞ ¼ D1D2
X3
j¼1
RjðAp2j  Bp2j Þ
( )
 1; ðB:1ÞwhereD1 ¼ j1Y 1  j2Y 2 þ j3Y 3; D2 ¼ R1Y 1  R2Y 2 þ R3Y 3; ðB:2Þ
Y 1 ¼ b3c2  b2c3; Y 2 ¼ b3c1  b1c3; Y 3 ¼ b2c1  b1c2: ðB:3Þ
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For orthotropic material case:k11ðx; tÞ ¼ D1D2
X2
j¼1
RjðAp1j =ekjsh  Bp1j ekjshÞ
" #
 1;
k12ðx; tÞ ¼ D1D2
X2
j¼1
RjðAp2j =ekjsh  Bp2j ekjshÞ; k21ðx; tÞ ¼ 
D1
D2
X2
j¼1
RjðAp1j  Bp1j Þ;
k22ðx; tÞ ¼ D1D2
X2
j¼1
RjðAp2j  Bp2j Þ
" #
 1; ðB:4ÞwhereD1 ¼ j1b2  j2b1; D2 ¼ R1b2  R2b1: ðB:5Þ
In (B.5), jj, bj and cj, (j = 1,2) are deﬁned as in (A.7).
For transversely isotropic material case:k11ðx; tÞ ¼ D1D2 A
p1
1 þ hþ
R
s
 
Ap12
 
esh þ Bp11 þ hþ
R
s
 
Bp12
 
esh
 	
 1;
k12ðx; tÞ ¼ D1D2 A
p2
1 þ hþ
R
s
 
Ap22
 
esh þ Bp21 þ hþ
R
s
 
Bp22
 
esh
 	
;
k21ðx; tÞ ¼ D1D2 A
p1
1 þ hþ
R
s
 
Ap12  Bp11 þ hþ
R
s
 
Bp12
 	
;
k22ðx; tÞ ¼ D1D2 A
p2
1 þ hþ
R
s
 
Ap22  Bp21 þ hþ
R
s
 
Bp22
 	
 1; ðB:6ÞwhereD1 ¼ 2ð1þ RÞðC11  C55Þ; D2 ¼ 1 R: ðB:7Þ
One may readily obtain expressions of Dj ; ðj ¼ 1; 2Þ replacing material constants for the layer by those for the
half plane in expressions of Dj, (j = 1,2).
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